MORSE THEORY ON THE LOOP SPACE OF FLAT TORI 
AND SYMPLECTIC FLOER THEORY 
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Abstract. We use closed geodesies to construct and compute Bott- 
type Morse homology groups for the energy functional on the loop space 
of flat n-dimensional tori, n > 1, and Bott-type Floer cohomology groups 
for their cotangent bundles equipped with the natural symplectic struc- 
ture. Both objects are isomorpic to the singular homology of the loop 
space. In an appendix we perturb the equations in order to eliminate 
degeneracies and to get to a situation with nondegenerate critical points 
only. The (co)homology groups turn out to be invariant under the per- 
turbation. 
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1. Introduction 

We are going to use the set of critical points of the symplectic action 
functional 



(1) 



Hoiz{t)) dt 



to construct an algebraic chain complex whose homology represents the sin- 
gular homology of the free loop space of T". In (||) Q is the Liouville form 
on r*T" and the Hamiltonian Hq : T*T'^ ^ M is given hy z ^ 
where the metric g on T" C C" is induced by the real part of the hermitian 
inner product on C". In our construction of the chain complex we follow the 
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ideas in |R!I] and |AB(| . Because Hq is time independent, the set Crit Ahq 
of critical points of Ahq cannot be discrete: Assume a critical point 2: is a 
nonconstant loop, then 9 r 1-^ z(- + r) produces a S'^-family of critical 
points. Therefore standard nondegenerate Floer theory does not apply. We 



have to take into account the singular [[IT| or de Rham ]AB| ] (co)homology 
of Crit Ah(, leading to a double complex. 

In the general case the L^-gradient flow lines of Ahq between different 
connected components Crit Ahq will enter the construction, but here they 
cannot exist as different components lie in different connected components 
of AT*T"'. Therefore the Bott-type Floer complex reduces to the singular 
chain complex of the critical manifolds, whose components are diffeomorphic 
to T", and so 

(2) i^i^^L«(^*7^^^o,5;Z) = |®'^™'^l^^^^ 'dse^ 

where a = 27r^|A;p indicates that we consider only loops in T*T^ whose 
symplectic action is less or equal to a. This set is denoted by A"T*T". The 
direct sum in (|2|) parametrizes the connected components of A"T*r"'. The 
grading —i is provided by a generalized Conley-Zehnder index associated to 
any element of CritAno plus half the local dimension of CritAno- 

On the other hand one can perturb Hq by a time dependent function (po- 
tential) V on T", such that Crit Ahq+v consists of isolated critical points 
and in this case standard Floer theory applies (this is the approach in 



and [[W99| ) . The grading then is given by the standard Conley-Zehnder in- 
dex |CZ| and the trajectories of the negative gradient flow of ^^o+v connect 
critical points of increasing nonpositive indices. That is why the cohomology 
notation is used. 

It is known that the Hamiltonian flow on T*T" generated by Hq gives rise 
to geodesies of (T"-, g) when projected to the base T"'. In this way CritAno 
corresponds precisely to the set of closed geodesies of {T^,g), which are the 
critical points of the classical action functional on the free loop space of T" 
(called energy functional in Riemannian geometry) 

(3) To : AT" ^ M 

1 ^ \ I \i{t)?dt. 





As the critical points of the symplectic and the classical action are nat- 
urally identified we denote them simply by Crit. Observe that on Crit 
both functionals agree. This continues to hold in the presence of a time- 
dependent perturbation term. We use closed geodesies 7 with 29(7) < a to 
construct Bott-type Morse chain groups graded by the Morse index. The re- 
sulting homology groups HM°''^"^^ {AT^ ,Tq, g;Z) turn out to be isomorphic 
to HF~Q^^^{T*T^,HQ,g]'L) as well as to the i*'^ singular integral homology 
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groups of 

which we compute using classical Morse theory |K|. 

Recently Viterbo |Vi] as well as Salamon and the present author |SW], 
[ W99 | proved that singular homology of the loop space of a compact ori- 
ented Riemannian manifold is isomorphic to Floer cohomology of its cotan- 
gent bundle, hence the homology groups calculated in appendix |A| do in fact 
not depend on the metric or the potential. The former proof uses gener- 
ating function homology, whereas in the second proof one defines integral 
Morse homology of the classical action functional, which is isomorphic to 
singular homology of the free loop space, and then constructs a natural iso- 
morphism to integral Floer homology of the cotangent bundle by showing a 
1-1 correspondence of flow trajectories. 

One consequence of the perturbation of Hq by the time dependent po- 
tential V is that the critical points of ly cannot be interpreted as closed 
geodesies any more. However, the corresponding homology groups should 
generally be the same. Following [ |CFHW | we construct such a perturba- 



tion in the case of the 1-sphere 5"^ explicitly. As one expects we'll see that 
a connected component of Crit Ahq resp. Crit Iq splits in a number of 
isolated critical points (depending on the perturbation) of Conley-Zehnder 
index —1 and resp. Morse index 1 and 0, such that the corresponding 
local homology groups are isomorphic to //**"^(S'^; Z2). The case of more 
general critical manifolds as will be subject of future research. In what 
follows we denote Hq by H, Iq by T and Ah by A. Moreover, we will use 
throughout Einstein's summation convention. 

Acknowledgements I would like to thank Helmut Hofer for drawing my atten- 
tion to this field. For valuable discussions and support 1 thank my friend and colleague 
Kai Cieliebak as well as my advisor Ruedi Seller. I am grateful to GraduiertenkoUeg 
"Geometric und nichtlineare Analysis" at Humboldt-Univcrsitat zu Berlin for financial 
support. 



2. BoTT-TYPE Morse theory on the loop space 

Let be embedded in C as the unit circle and i : T" = 5^ x . . . x 5^ ^ 
C". By g we denote the flat riemannian metric on T" inherited from the real 
part of the hermitian inner product {x, y)c" = Sj=i ^jVj on C"; V denotes 
the Levi-Civita connection of g. With respect to the natural parametrization 
ip-'^ : M"/Z" ^ C C", (u^,... ,m") (e2™\... ,e2™"), g is given 
by 5 = 9jk du^ ® du^ = {27r)^6jk du^ du^ and the volume element by 
volg = {I-kY du^ . . . du"" . 

The free loop space AT" = i7i(R/Z,r") is defined to be the completion 
of C°°(M/Z,r") with respect to the norm on C°°(M/Z,C") 

Il7ll?,2= / (n{t),i{t))c^dt+ I {da{t),da{t))c«dt. 

Jo Jo 



4 JOA WEBER 

Note that for 7 = (e^^*^'' , . . . , e^^*''"), 7 G C°°(R/Z, T") it turns out 
II7-7 



l2 = 2 / (n- J]cos27r(7^'-7^))dt 

+ (27r)2 y ^ (^(V )2 + (4^)2 _ 2y cos 27r(7^' - 7^)) di. 



By the Sobolev embedding theorem AT"" embedds into C*^(M/Z, T"). In 
what fohows we occasionally identify T" with M"/Z". 



Lemma 2.1. ('c/. [[Jql 5e. 5.-^j T/ie energy functional Z is continuously 
differentiable. 

Lemma 2.2. (cf. @ Lemma & Se. 5.4, |K| T/im. The 

critical points of Z in AT" are precisely the closed geodesies of {T'^,g). 

The Christoffel symbols of V vanish because the matrix elements gjk are 
constant and so (7\ . . . ,7^^) G C°°(R/Z, R"/Z") is a closed geodesic, if and 
only if for j = 1, . . . ,n 

(4) ^7^W=0. 

Now considered as element of C°°(M,R) is a solution of @ if and only if 

7-J'(t) =vH + qK 

The condition "f^{t + 1) = ")^{t) (mod 1) implies = (z therefore 

Crit Z = {7fc,g(t) =kt + q\keZ'',q£ R"/Z"}. 
There is a grading on CritZ given by the Morse index. 



Lemma 2.3. (cf Thm. 4. 1.1 & Se. 5.4) Let 7 G CritZ and X,Y € 
C°°(R/Z, R"), i.e. smooth vector fields along 'j, then 

d2j(7) {X,Y) = [ g{X{t),Y{t)) dt . 
Jo 

The associated selfadjoint operator is the Jacobi operator 

L = L^: l2(R/Z, R") D H'^{R/Z, R") ^ ^^(R/Z, R") 

For j = 1, . . . , n the solution of 

(5) -^X^{t) = 

is, as an element of C~(R,R), given by X^{t) = vH + with v^,^^ G R, 
but now the periodicity condition X^{t + 1) = X^{t) implies = and so 

ker L ~ {X{t) = ^ [ ^ G R"} ~ R". 
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Remark 2.4. Note that for any Riemannian manifold (M, g) if 7 is a cfosed 
geodesic, then 7 G Ker L. Therefore the kernel of the Hessian d?I{'y) is 
always at least 1-dimensional. In order to get a trivial kernel one has to 
introduce a time-dependent perturbation of I. This will be carried out in 
section 

Next we are interested in the negative eigenvalues of L. These do not exist, 
because the operator —d?/dt'^ is positive semidefinite on C°°(R/Z,R). The 
reason is the periodicity of the domain M/Z. To see this Fourier decompose 
X{t) and apply —dP/dt^ to each summand. More generally, this follows by 
partial integration and the closedness of the manifold. 

Definition 2.5. For 7 € CritZ we define its Morse index and nullity to be 
the number of negative eigenvalues of L (counted with multiplicities) and 
the dimension of its kernel, respectively. 

So in our case we have Indj^j) = and Nullx{j) = n for all 7 € CritZ 
and the results derived so far may be summarized as follows. 

Lemma 2.6. For {T^^,g = o,s above we have 

CritZ = y C^ , 

fcgZ" 

= {-ik,q{t) = (e^^^^'^' . . . , e27ri(fc'H+g")) | ^ ^ K^/^"} ^ 

i.e. is a submanifold o/AT" diffeomorphic to T". C^ is a nondegenerate 
critical submanifold in the sense of Bott, i.e. d'^Z{'y) restricted to the normal 
bundle N^G^ is nondegenerate for any 7 € C^ . 

The last statement follows, because one can canonically identify ker ~ 
ker d^Z{-i) with T^G^ by 

m=i^i=i\t=o^kt + q + T£,). 

The critical submanifolds generate an algebraic chain complex as follows: 
The Bott-type Morse chain group is defined to be the i^^ singular chain 
group of Grit" = CritZ n AT", a = 271^1 A: p, with coefficients in Z 

Cr'(Uz«Mzi<|.|G";Z) ,zGNo, 
, i G Z \ No . 

If k j, then G^ and G^ lie in different connected components of AT", so 
we cannot expect to have any connecting orbit (in the sense of Morse/Floer 
theory) between C'^ and GK Therefore we may define the Bott-type Morse 
boundary operator df^ simply to be the singular boundary operator 5^**"^ on 
the singular chains of our critical manifolds 

: CMf'^°**(Ar",T,5;Z) ^ C7Mf_:f°**(Ar",T,5; Z) , 

dsinq 
i ^ • 



CM^'^°*\KT' 
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The chain complex property df^^ odf^ = for alH € Z then follows trivially 
from the one of the singular chain complex and so we may define the Bott- 
type Morse homology groups to be 

HM^^^"'\AT-,I,g;Z) = i € Z . 

For i = 0, . . . , n a simple computation gives (the groups are else) 

(6) //M"'^°"(AT",J,5;Z) = //f"^(| I G';Z) 

(7) =Hr'(\ I r";Z)= ffi 

l&Z",\l\<\k\ 

3. Singular homology of the loop space 

By Q Thm. 1.2.10 the inclusion AT" = i?i(M/Z,r") ^ CO(M/Z,r") 
is a homotopy equivalence, hence 

/7f"3(Ar";Z) ~ Ff"^'(C7°(M/Z,r");Z) . 

The set 7ri(T"') of free homotopy classes of continuous maps equals Z". A 
homotopy Fs, s G [0,1], between 7,7 G C''(M/Z, T"), may be considered 
as a path in C'^(M/Z,T"') from 7 to 7. Hence the homotopy classes 7ri(T"') 
correspond precisely to the pathwise connected components of C''(R/Z, T"). 
On the other hand to any pathwise connected component of C'^(M/Z,T"') 
corresponds a generator of i?Q*"'^(C*^(M/Z, T"); Z), therefore 

i/o*"^(AT"; Z) ~ i7o^"^(C°(M/Z, T"); Z) = Z = Z . 

We are going to compute the higher homology groups via classical Morse 
theory of the energy functional I on the loop space AT". As we have seen 
in the former section the critical submanifolds of AT" with respect to I 
are nondegenerate in the sense of Bott, they have Morse index and they 
are diffeomorphic to T". corresponds to the trivial (constant) geodesies 
and for any element of G'^ 

we compute 

^(7fc,g) = W {dak,g,dak,q)c"dt = 27r^|/c|^. 



Theorem 3.1. (cf. [Kl], Thm. 2.4-10) Let {M,g) be a compact Riemann- 
ian manifold and assume that the set of critical points of 2 in 2^^ (a) is 
a nondegenerate critical submanifold B of AM. Then there exists e > 0, 
such that A°'~^'^M is (equivariantly) diffeomorphic to A"~^M with closed disk 
bundle of type Dfi~ ©D^u"*" attached. ^ denotes the normal bundle of B and 
/i = /U~ © fi^ is the decomposition in the negative and positive subbundle 
(w.r.t. the Hessian of 2, i.e. rk /Lt~ = Indxij) for j £ B). 
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In our case all critical submanifolds have Morse index and this implies 
that for e > sufficiently small 

iez^,\i\<\k\ 

Any of the bundles Dfi^ is contractible on G\ hence 

^ i'©zeZ",|;|<|ifc| ,i = 0,...,n 

1 , else . 

4. BOTT-TYPE FLOER HOMOLOGY OF THE COTANGENT BUNDLE 

Let (T" C C^,g) be as above, then the parametrization ^ : D ^ 
M^/Z"-, (e^'^*"\ . . . je^'^*"") i-> (u''-,... ,1^") induces natural coordinates on 
TT"^ and T*r" 

(e^™' , . . . , e^™", 27rz?;^e2™' , . . . , 27rzt;"e2™") ^ (n^, . . . , u", . . . , t;") 
and 

Note that S/Su-' is identified with 27rie^'^*"^ e-^ and dtt-^ with ^e~'^™^ eJ , 
where ej,e^ arc elements of the standard bases of C* and C"* respectively. 

The free loop space AT*r" = i^i(M/Z, r*T") is defined to be the com- 
pletion of C°°(R/Z, r*r") with respect to the norm on C°°(R/Z, x C"*) 

Nl?,2 = ll(^,y)lll2 = ll(^,?/)lli + l|5t(^,y)lli 

(^{X{t),x{t))cn + {y{t),y{t))cn'yt 



L 





1 



+ / ((x(t),x(t))cn + (y(t),y(t))cn*)di. 
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Denote by tm ■ TM M the tangent - and by : T*M ^ M the 
cotangent bundle of a manifold M. The Liouville form Q : TT*T^ — > R is 
defined by 

0(0 = iTT*T<) (Tr^nC), 

i.e. in our local coordinates {u,v) we have G \(u,v)= '^j duK The canonical 
symplectic form on T*r" is O = —d@, i.e. 
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Therefore O is represented by the standard symplectic form on M^" 

(8) Qo : M^" X M^n ^ ^ 

(x,x) 1-^ {Jqx)'^x, 

where 

•^0-1,1 

is the standard complex structure on M?^. 

To our Hamiltonian H we assign the Hamiltonian vector field Xh by 
setting 

(9) dH{-) = n{XH,-). 

We are interested in the critical points of the action functional A be- 
cause they are related to Ver H, the time-l-periodic integral curves of the 
Hamiltonian vector field Xh, as follows 

Crit A = {x£ C°°(M/Z, r*r") I X = Xnix)} = VerH. 

The differential of H{u,v) = = ^VjVk5^^ /{27r)^ is given by 



dH{u, v) = Vj dvj - ^ 



uj uuj — 

The Hamiltonian vector field Xh '■ T*T'^ — > TT*T'^ is computed via its 
defining equation (^): The Ihs has been just calculated and the rhs will be 
determined by using the Ansatz Xh{u,v) = {u,v;r^u,v)d^] + s''{u,v)dy^) . 
By (^) the quantity f ), •) is represented by 

{JqXh{u,v)Y = {-s{u,v),r{u,v)) . 
Comparing Ihs and rhs of @ gives 

s{u,v) = , r{u,v) = v/{2TTf , hence Xh{u,v) = 

The time-l-periodic trajectories of the Hamiltonian vector field Xh are 
exactly the solutions to the initial value problem 



(10) 
The Ansatz 



vit) J w V y ' \v{o) 



,0 



V 



solves (0) for x G C°°(M,M2ri). The condition u G C°°(M/Z, M^/Z'^) , i.e. 
u{t + 1) = u{t) (mod 1), implies v^/{2it)'^ = /c G Z", hence 

(11) C = {x G C°°(M/Z,r*r")|i; = Xj/(x)} 

^ {xuoAt) = (j;*,")"") I G Z-,no G M"/Z"} • 
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Now in Floer theory one assigns an integer ficz, called Conley-Zehnder 
index (cf. |CZ|, pZ| ), to any element x = x^o ^ G C. Linearizing (/)t : 



M"/Z" X M" ^ M"/Z" X R", the time-t-map associated to Xh, leads to a 
path A in Sp{2n,W) 



,0 



As ^(0) = 1, but ^(1) ^ Sp* = {M € Sp{2n,R) \ 1 ^ spec(M)}, the 
usual definition of the Conley-Zehnder index does not apply. On the other 
hand for paths ^ starting at 11 and ending outside the Maslov cycle C+ = 
Sp(2n, M) \ Sp* it is shown in [|RS| remark 5.4 that 



(12) /icz(^) = liLag{Graph ^, A) 

where A C M^" x M^" denotes the diagonal and /i Lag is the Maslov index for 
any continuous path of Lagrangian planes in (M^" x R^", —ojq ojq). 



Figure 1. The Maslov cycle C+ inside 5^(2, R) 



This index is invariant under homotopies of paths as long as the endpoints 
do not leave their stratum. It is therefore natural to define the generalized 
Conley-Zehnder index for any continuous path ^ in S'p(2?7-,R) by the right 
hand side of (12) 



(13) 



/"cz(^) = l^LagiGraph ^, A). 
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To show that /i^^(A) = — n/2 it suffices - in view of the product property 
of fJ-iag ^ to consider the case 



a{t) 



1 

47r- 

1 



This path is shown in figure ^ for t E [0, 200] together with the Maslov 
cycle (the codimension 1 algebraic variety with one singular point, which 
corresponds to 1). Here 5p(2,M) is identified with the open full torus using 
an explicit homeomorphism from [ |GL| ] . Full details along with more pictures 
may be found in |W9|], |W99|] . 



To calculate fi^^{a) we use its homotopy invariance. The polar decom- 
position a{t) = S{t)R{t) gives a unitary path R{t) = e^'^'* homotopic to a, 
where a(0) = 1 is preserved. Then connect -R(l) to a(l) by a path B{s) 
without intersecting C_|_ except for the endpoint B{1) = a(l). Following first 
R and then B represents a path homotopic to a with fixed endpoints. Near 
a(l) the Maslov cycle is an embedding and we may use the intersection num- 
ber interpretation of ^cz to get a contribution -|-1. At the singular point 
a(0) = 1 of C-|_ we compute the signature of the corresponding crossing form 
of the path R, cf. |RS[| , which turns out to be —2. As both endpoints lie in 
the Maslov cycle they are weighted by a factor 1/2 and so 

/"cz(«) = ^(-2 + l) = -^- 

As it should be, perturbing a to a path d on the other side of C_|_ leads to 
the same number 

/^?;z(«) = ^(0-l) = -^- 

So all elements of Crit A do have the same generalized Conley-Zehnder 
index —n/2 (note that this implies that there are no nonconstant trajecto- 
ries of the negative gradient flow of A between critical points). Moreover, 
addition of ^dim Crit ^ = ^ to //^^ yields the Morse index of the un- 
derlying closed geodesies. Let the Bott-type Floer cochain groups be given 
by the singular chains in Crit A, where the grading is minus the singular 
grading 



CF''^^,,{T*T\H,g;Z) 



Cr^CritaA) ,-i = -n,...,0 
, else 



where a = 27r^|A;p = A{xuQ,k)- This choice of grading is motivated by the 
nondegenerate case, cf. appendix |A| and | W9E ], | SW ]. The coboundary 



operator 6p^ is defined to be the singular boundary operator Qf**"^ and so 
the Bott-type Floer cohomology groups 

her () ^ 

HF~;^^,,iT*T-,H,g;Z) = , ^ e Z . 

im Op 
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are given by 

HF-;^,,,{T*T", H, g; Z) = Hr^{Crita A) 

= Hr^(\ I r";Z2^ 
* \^l_ligZ'M«|<|fc| ' '^J 

{®i&",\i\<\k\'^^'^ , -i = -n, . . . ,0 
, else . 

Appendix A. Perturbations 

For simplicity let us consider the case n = 1 only. The general case then 
follows by taking product manifolds and direct sums of Morse functions. 
Moreover, we restrict to the /c*^ connected component A^S^ resp. AkT*S^ of 
the loop space consisting of loops of winding number k. This restriction will 
be clear from our method of perturbation, which does not work uniformly 
for all components. 

First we are going to destroy the circle degeneracy of a closed geodesic 
lk,qo{'t) = kt + qo (represented as a map from M/Z to itself). We follow 
the beautiful construction in |CFH"W ]. The strategy is as follows: Choose 



a Morse-function h on jk^ggCK/T^) = M/Z, e.g. h{y) = — cos27ry, define a 
time-dependent potential V on 'yk,qo{^/'Z) 

y(t,-/k,qo{s)) := h{ks - kt) = - cos 27r (7^,5^(5) - kt - qo) . 

The critical points of the perturbed classical action functional (7) = | 
7 p —V{t,^) dt are solutions of 

(14) = -7(t)-Vy(i,7{t)) = -7(t)-^^(t,7(t)) 
= - ^ (0 - 77- sin 27r(7(t) - kt - qo) . 

ZTT 

We observe that 

7~(*) = 1k,qo{t) = kt + qo 

7+(t) = lk,qo{t + ^)=kt + qo + ^ 



are solutions of (14) corresponding to the minimum and maximum of h. 



Equation (|T^) may be interpreted as describing a mathematical pendulum 
with gravity, where the observer rotates with angular velocity k. The obvious 
equilibrium states for k = 'pendulum up' (unstable) and 'pendulum down' 
(stable) correspond to 7^ and 7"*". This also holds for general k. For the 
rotating observer however these equilibrium states now appear as rotations. 
A short calculation shows that Xy (7") = 27r^A;^ + 1, lyil'^) = ^ir'^k'^ — 1 and 
the Morse index of 7" resp. 7^ (regarded as critical points of ly) is 1 resp. 
0: The eigenvalues of the perturbed Jacobi operator acting on C°°(M/Z,M) 

L^e = -e-4^0(t,n = 7^)e = -eTe = A^e 
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are given by 

= 47r2/2 ^ 1 , Z G No . 

Hence Ly has only strictly positive eigenvalues, whereas Ly has exactly 
one negative eigenvalue of multiplicity one, namely Aq = —1. Proposition 
2.2 in | |CFHW| | states that 7"^ are the only solutions of (0) in A^S^, i.e. 



Critiv = {7 )7^} is discrete. Therefore the Bott-type Morse complex 
reduces to the Morse- Witten complex (cf. |Sch[| ,citeW93, [lW95f| ) 



CMi[KkS\lv,9;'^2) 



< 7+ > , i = 

< 7^ > , i = 1 
, else . 



The only a priori nontrivial matrix element has the coefficient 712(7 jT"*")) 
which is defined to be the number of connecting orbits modulo 2, i.e. solu- 
tions u> G C°°(M X R/Z,R) of 

(15) dsW-dtdtw-VV{t,w) = 0, w{s,-) '^°°7^(.) . 

Here we identify two solutions w,w^ if there exists r € M such that w{s + 
T,t) = 'w{s,t) for all s,t. The Ansatz w{s,t) = kt + qo + xi^), where 
X G C~(M,M/Z), leads to the ODE 

(16) x'is) = ^sm27rx{s) , 
which has stationary solutions for the initial values 

Xo = x{so = 0) = I : x{s) = I , 
Xo = x{so = 0) = : xis) = . 

Choosing initial values xo ^ (0, |) resp. xo ^ (|) 1) x(s) behaves as follows 

X{s) ""^^ , x{s) 

resp. 

X{s) 1 , x{s) 



-00 



1 

2 ' 



showing that our Ansatz yields two connecting orbits between 7" and 7"'". 
As Indjy (7") = 1 there are no others. As a consequence ^2(7", 7"*") = 
and the generators of the chain complex coincide with the ones of the 
corresponding homology groups. Note that equation (|l6|) coincides modulo 
a factor with the gradient flow equation of the Morse function h on M/Z. For 
general n the (nondegenerate) Morse homology groups coincide with (^). 

Now we treat the case of Floer homology of T*S^ by perturbing the free 
Hamiltonian by the time-dependent potential V as above: 

H{t, u, v) = i(^)^ - cos 27r(n - kt - n°) 
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We fix a solution xj.,j.o{t) = (u^ uO(t), f*^) = {kt+u^ ,ATT'^k) of the unperturbed 
problem (|To|). Our equation of interest now reads 

(17) = x{t) = Xnixit)) 

v{t)/{27,f \ ^ ( vit)/{2nf 
-^{t,u(t)) J l^-27rsin27r(n(t) - kt - vP\ 

We have two solutions 

(kt + u^\ In (kt + u^ + \ 

X (t) = Xk.o{t) = [ 21, , x^{t)=Xk o{t + —) - I - ^ 



which according to |CFHW] Proposition 2.2 are the only ones. Linearizing 
(|1^ at x=F yields 



(18) m = -jv5(t)V//(x^) = -js^m , 

where 



and 



= ^ 

gu y V47r2 



The flow given by (||) is a path : [0,1] Sp{2,R) starting at the 
identity: $^(t) = e"*^^^. By |S§ Theorem 3.3 (iv) the Conley-Zehnder 
index of is given by 



ficzix') = ticzm = u{S') - n 



« = - , 



where v (S*) denotes the number of negative eigenvalues of S' and n = 1. 
Therefore 

a result which has been established in | W99(| in the general nondegenerate 
case. The construction of the Floer cochain complex proceeds as above. 
Note that it is graded by minus the Morse index and its cohomology has 
one generator in dimension —1 and one in dimension 0. For general n the 
Floer cohomology coincides with (|2|). 
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